Abstract. We use a suite of N-body simulations that incorporate massive neutrinos as an extra-set of particles to investigate their effect on the halo mass function. We show that for cosmologies with massive neutrinos the mass function of dark matter haloes selected using the spherical overdensity (SO) criterion is well reproduced by the fitting formula of Tinker et al. (2008) once the cold dark matter power spectrum is considered instead of the total matter power, as it is usually done. The differences between the two implementations, i.e. using P cdm (k) instead of P m (k), are more pronounced for large values of the neutrino masses and in the high end of the halo mass function: in particular, the number of massive haloes is higher when P cdm (k) is considered rather than P m (k). As a quantitative application of our findings we consider a Planck -like SZ-clusters survey and show that the differences in predicted number counts can be as large as 30% for m ν = 0.4 eV. Finally, we use the Planck -SZ clusters sample, with an approximate likelihood calculation, to derive Planck -like constraints on cosmological parameters. We find that, in a massive neutrino cosmology, our correction to the halo mass function produces a shift in the σ 8 (Ω m /0.27) γ relation which can be quantified as ∆γ ∼ 0.05 and ∆γ ∼ 0.14 assuming one (N ν = 1) or three (N ν = 3) degenerate massive neutrino, respectively. The shift results in a lower mean value of σ 8 with ∆σ 8 = 0.01 for N ν = 1 and ∆σ 8 = 0.02 for N ν = 3, respectively. Such difference, in a cosmology with massive neutrinos, would increase the tension between cluster abundance and Planck CMB measurements.
Introduction
Neutrinos are spin one-half leptons carrying no electric charge. Within the particle standard model they are described as elementary massless particles. Measurements of the Z boson lifetime have pointed out that the number of active neutrinos is 3 (N active ν = 2.9840 ± 0.0082, [1] ). On the other hand, the neutrino oscillation phenomenon indicates that at least two of the three neutrino families have to be massive. Unfortunately, measurements involving neutrino flavour changing only provide us with information about the mass square differences between the different mass eigenstates, i.e. they can not be used to determine the absolute neutrino mass scale. Recent experiments using solar, atmospheric and reactor neutrinos quantified these differences as: ∆m 2 12 = 7.5 × 10 −5 eV 2 and |∆m 2 23 | = 2.3 × 10 −3 eV 2 (see e.g. [2, 3] ), where m 1 , m 2 and m 3 are the masses of the different neutrino mass eigenstates. Since we are not capable to measure the sign of ∆m 2 23 , two different mass ordering (hierarchies) are possible: a normal hierarchy (m 2 < m 3 ) and an inverted hierarchy (m 2 > m 3 ). Therefore, the sum of the neutrino masses is constrained from below as Σ i m ν i > 0.056, 0.095 eV depending on whether neutrinos follow the normal or inverted hierarchy, respectively. Knowing the absolute neutrinos mass scale is of great importance, since it is related to physics beyond the particle standard model. For this reason, a huge effort from both the theoretical and the experimental side is currently on-going with the purpose to weight neutrinos.
From the cosmological point of view, the Big Bang theory predicts the existence of a cosmic neutrino background (see, e.g. [4, 5] for a review). In the very early Universe, cosmic neutrinos contributed to the total radiation energy density, affecting the nucleosynthesis process and therefore the primordial abundance of light elements. At the linear order, massive neutrinos impact cosmology in different ways, depending on which parameters are fixed: they shift the matter-radiation equality time, at fixed Ω m , and they slow down the growth of matter perturbations during the matter and Dark Energy dominated era. The combination of the above two effects produces a suppression in the amplitude of the matter power spectrum on small scales (see for instance [5] ).
The imprints left by massive neutrinos on the CMB and on the Large Scale Structucture (LSS) of the Universe have been used to set upper limits on their masses. Numerous recent works point towards neutrino masses, Σ i m ν i , below 0.3 eV at 2σ [e.g. [6] [7] [8] [9] [10] , with the notable exceptions of [11] in which authors used Lyman−α data to set an upper limit of 0.17 eV and [12] who found Σ i m ν i < 0.18 eV (95%) by combining data from BAO, CMB and the WiggleZ galaxy power spectrum 1 .
Great attention has been recently drawn to the tension between the Planck measurements of the primary CMB temperature anisotropies [10] and measurements of the current expansion rate H 0 [13] , the galaxy shear power spectrum [14] and galaxy cluster counts [15] [16] [17] . Besides unresolved systematic effects, it has been suggested by many authors [17] [18] [19] [20] that the discrepancy can be alleviated by extending the standard ΛCDM model to massive neutrinos, either active or sterile. A common finding of those works is that a neutrino mass of 0.3 − 0.4 eV provides a better fit to the combination of CMB data and low redshift Universe measurements than the vanilla ΛCDM model.
Among the different probes of the LSS, galaxy clusters have played a significant role in the definition of the "concordance" ΛCDM model [e.g. 21, 22] , and many ongoing (Planck, SPT, DES), upcoming and future (eROSITA, LSST, Euclid) surveys will aim to use their abundances and spatial distribution to strongly constrain cosmological parameters. In order to fully exploit for cosmology the ever growing number of clusters detected, it is mandatory to have a reliable theoretical predictions for the cluster abundance (the halo mass function, HMF) [23] [24] [25] , together with an accurate calibration of the observable-mass relation. As for the former, since the pioneering work of Press & Schechter [26] many forms for the HMF have been proposed in literature [e.g. 24, 27-31], often calibrated against large suites of cosmological simulations. Despite the great improvement of the numerical results over the past decade many sources of systematic error still affect the HMF, including finite simulation volume, mass and force resolution, baryonic physics and massive neutrino effects. Here we focus on the consequences of non-vanishing neutrino masses.
The effects of neutrino masses on the halo mass function has already been studied in different works [32] [33] [34] [35] . In the work of [32] , the authors measured the halo mass function from N-body simulations incorporating massive neutrinos using a hybrid scheme to simulate neutrino particles. They showed that the halo mass function in models with massive neutrinos can be well reproduced by the Sheth and Tormen (ST) [27] mass function by using ρ cdm = ρ m − ρ ν , instead of ρ m , when establishing the relation between the halo mass and the top-hat window function radius (M = 4πρR 3 /3, see section 3 for details). Those results were later independently verified in [33, 35] using a different set of N-body simulations. More recently, the authors of [34] investigated the gravitational collapse of a spherical region in a massive neutrino cosmology, showing that neutrinos play a negligible role in the process. This led to the conclusion that the cold dark matter power spectrum should be used to compute the r.m.s. of the matter perturbations, σ(M ), required predict the halo mass function. In [36] this was tested againts N-body simulations, resulting in an excellent agreement. This paper is the last of a series of three papers. Paper I [37] introduces a large set of numerical simulations incorporating massive neutrinos as particles. It then studies the effect of neutrino masses on the spatial distribution of dark matter haloes, finding that halo bias, as typically defined w.r.t. the underlying total matter distribution, exhibits a scale-dependence on large scales for models with massive neutrinos. In addition, Paper I investigates as well massive neutrinos effects on the spatial distribution of galaxies by constructing mock galaxy catalogues using a simple halo occupation distribution (HOD) model. In Paper II [36] the universality of the HMF and of linear bias in massive neutrino cosmologies is discussed in terms of halo catalogues determined with the Friends-of-Friends algorithm on the simulations introduced in Paper I. It is shown that the proper variable to describe the HMF of a massive neutrino model is the variance of cold dark matter perturbations, rather than the total ones (i.e. including neutrinos) typically assumed in previous analyses [32, 33, 35] . If the correct prescription is used then the HMF becomes nearly universal with respect to the neutrino mass. The paper discusses also similar results for the bias of haloes at large scales, which is found to be almost scale independent and universal when expressed in terms of CDM quantities alone.
In this paper we explore how the results of Paper II affect the determination of cosmological parameters from galaxy clusters data. Here we study the HMF of dark matter haloes identified using the Spherical Overdensity (SO) algorithm. The reason to use SO haloes is that the mass proxy in X-ray and SZ measurements is calibrated with spherically defined objects rather than with the Friends-of-Friend (FoF) haloes considered in Paper II. We show that the abundance of SO haloes is well reproduced by the Tinker fitting formula once the cold dark matter mean density and linear power spectrum are used, in agreement with Paper II and the work of [34] . Then, we show that our findings have interesting implications for cosmology using cluster number counts, especially due to the recently highlighted tension between cosmological parameter constraints inferred from CMB temperature data and the SZ clusters datasets [38] . As a case study, we choose the Planck SZ-selected sample of clusters [38] , for which we perform a Monte Carlo Markov Chain analysis in order to compare constraints obtained using different prescriptions for the halo mass function. We find that using the CDM linear matter power spectrum when computing the r.m.s. of the smoothed linear density field, σ(M, z) (i.e. when using a better description for the HMF in massive neutrinos cosmologies) changes the degeneracy direction between the parameters Ω m and σ 8 and decreases the σ 8 mean value. These changes increase the tensions between cosmological parameters constraints from CMB data and from SZ cluster counts.
The paper is organized as follows. In Section 2 we describe the numerical simulations we have used to calibrate the HMF of dark matter haloes identified using the SO criterion. The halo mass functions for the different cosmological models and the procedure used to compute them are shown in section 3. The implications of our results, in terms of cluster number counts, are presented in section 4, while the likelihood analysis is shown in section 5. Finally, we draw the main conclusions of this work in section 6.
N-body simulations
For this paper we have used a subset of the large suite of N-body simulations presented in Paper I. We summarize the main features of these simulations here and refer the reader to [37] for further details.
The N-body simulations have been run using the TreePM code GADGET-3, which is an improved version of the code GADGET-2 [39] . The neutrinos have been simulated using the socalled particle-based implementation (see [40] [41] [42] [43] [44] for the different methods used to simulate the cosmic neutrino background).
The starting redshift of the simulations was set to z = 99. The initial conditions were generated at that redshift by displacing the particles positions from a regular cubic grid, using the Zel'dovich approximation. We incorporate the effects of baryons into the CDM particles by using a transfer function that is a weighted average of the transfer functions of the CDM and the baryons, obtained directly from the CAMB code [45] . The Plummer equivalent gravitational softening of each particle type is set to 1/30 of their mean interparticle linear spacing. For each simulation we saved snapshots at redshifts 0, 0.5, 1 and 2.
The different cosmological models used for this paper are shown in Table 1 , together with the values of their cosmological parameters. Each simulation consists of eight independent realizations obtained by generating the initial conditions using different random seeds. The size of the cosmological boxes are 1 h −1 Gpc for all the simulations. The cosmological models span from a massless neutrino model (H0) to cosmologies with Σ i m ν i = 0.3 eV (H3) and Σ i m ν i = 0.6 eV (H6 and H6s8). The simulations H6, H3 and H0 share the value of the largescale power spectrum normalisation A s , whereas the value of this parameter has been tuned in the simulation H6s8 to obtain the same value of σ 8 of the simulation H0. The values of the other cosmological parameters are common to all the simulations:
.7292, h = 0.7 and n s = 1.0. In all the simulations the value of the parameter Ω cdm is given by Ω m − Ω b − Ω ν , i.e. is fixed by requiring that the total matter density of the Universe is the same for all the cosmological models. The number of CDM particles is 512 3 , and for the models with massive neutrinos the number of neutrinos is also 512 3 . The masses of the CDM particles are 5.6 × 10 11 h −1 M for the model H0, while for the others model the masses are slightly different since the value of Ω cdm varies from model to model.
The halo mass function
We start this section by explaining how we identify the dark matter haloes from the snapshots of the N-body simulations. We then investigate whether the Tinker fitting formula [31] along with the so-called cold dark matter prescription reproduces the HMF of N-body simulations for cosmological models with massive neutrinos.
The dark matter haloes have been identified using the SUBFIND algorithm [46] . Even though SUBFIND is capable of identifying all the haloes and sub-haloes from a given particle distribution, we have used it to identify spherical overdensity (SO) haloes, which correspond to the groups identified by SUBFIND. The virial radius of a given dark matter halo corresponds to the radius within which the mean density is ∆ =200 times the mean density of the Universe. We restrict our analysis to SO haloes containing at least 32 particles.
SUBFIND has only been run on top of the CDM particle distribution. This is equivalent to neglect the contribution of neutrinos to the masses of the dark matter haloes. Such assumption is supported by different studies [32, 35, 47, 48] which have shown that the contribution of massive neutrinos to the total mass of dark matter haloes is below the percent level for the neutrino mass range relevant for this paper. We have explicitly checked that the contribution of neutrinos with Σ i m ν i = 0.6 eV to the total masses of dark matter haloes ranges from 0.01% for haloes with M 200 10 13 h −1 M to 0.5% for the most massive haloes with M 200 10 15 h −1 M . To make sure that our results are not affected by selecting the haloes on top of the CDM particle distribution we have run SUBFIND on top of the total matter (i.e. CDM plus neutrinos) density field. We find that the HMF of SO haloes changes by less than 0.5% on a very wide range of masses. However, the masses of some low mass haloes are slightly changed when including neutrinos. This is because some of these low mass haloes contain many unbound neutrino particles, which bias the estimate of their masses by an unreasonable amount. This effect is less important for more massive haloes and/or for simulations in which the number of neutrino particles is much larger than the number of CDM particles. In order to avoid this spurious contamination in the masses of some dark matter haloes we decided to rely on the halo catalogues obtained by running SUBFIND just on top of the CDM particle distribution. Now we turn our attention to the halo mass function for cosmologies with massless and massive neutrinos. It is a common practice to parametrize the abundance of dark matter haloes in the following way:
where n(M, z) is the comoving number density of dark matter haloes per unit mass at redshift z, ρ is the comoving mean density of the Universe and σ(M, z) is defined as:
with P (k, z) being the linear matter power spectrum at redshift z, while W (k, R) is the Fourier transform of the top-hat window function of radius R. The relationship between the halo mass, M , and the radius in the top-hat window function is given by M = 4πρR 3 /3. Our aim here is to compare the results of the left and right-hand side of eq. (3.1). The left-hand side can be directly measured from the N-body simulations, whereas the righthand side can be computed using a fitting formula for the function f (σ, z) together with some prescriptions for cosmological models with massive neutrinos. We calculate the left-hand side of eq. (3.1) by approximating the quantity dn(M, z)/dM by n(M, z)/ M , where the width of the mass intervals has been chosen to be log(M ) = 0.2. The comoving number density of dark matter haloes in a given mass interval n(M, z) has been directly obtained from the N-body halo catalogue. In order to compute the right-hand side of eq. (3.1) we need the following three ingredients: 1) the function f (σ, z); 2) the value of ρ to establish the relation between the halo mass and the radius in the top-hat window function and 3) the linear matter power spectrum P (k, z).
Since we are considering SO haloes, we compare our N-body results to the fitting formula of Tinker et al. [31] , also defined in terms of SO haloes. The Tinker fit assumes the functional form proposed by [49] with
where A, a, b and c are the best-fit parameters 2 for the overdensity ∆ = 200 presented in [31] . In a standard ΛCDM cosmology the quantities ρ and P (k) appearing in eqs. (3.1, 3.2) are evaluated for the total dark matter field. However, it is not obvious which quantities have to be used for a model with massive neutrinos. The work of [32] demonstrated that the abundance of dark matter haloes in massive neutrino cosmologies cannot be reproduced by the ST fit if the total matter density and linear power spectrum were used when calculating the r.h.s. of eq. (3.1). The authors proposed to use, instead, the mean cold dark matter density ρ cdm , computing, however, the variance σ 2 (M, z) still in terms of the total matter power spectrum. Such prescription, that we will refer to as the matter prescription, was later corroborated by several works [33, 35] .
More recently, the authors of [34] studied the gravitational collapse of a spherical region in a massive neutrino cosmology, showing that neutrinos play a negligible role in the process and leading to the conclusion that the cold dark matter power spectrum should be used to predict the halo mass function. Indeed, in Paper II we show that, for Friends-of-Friends (FoF) haloes, a good agreement between the MICE fitting formula [24] and our N-body simulations is obtained if both ρ and P (k) are computed in terms of CDM quantities alone. We call this the cold dark matter prescription for massive neutrino cosmologies, and in Paper II we show that it is the only way of obtaining a mass function that is nearly universal with respect to changes in the background cosmology.
We now compare the abundance of dark matter haloes from the N-body simulations with the Tinker prediction evaluated with both the matter and cold dark matter prescriptions. We emphasize that for cosmologies with massless neutrinos the above two prescriptions become the same. We show the results of this comparison in Fig. 1 where the data points correspond to the mean of the mass function, n(M ), measured from eight realizations while the error bars represent the error on the mean. Predictions using the Tinker fitting formula along with the matter and cold dark matter prescriptions are shown by the dashed and solid lines, respectively. We show the results at redshifts 0, 0.5 and 1 for the simulations H0, H3 and H6 (results at z > 1 are noisy). For clarity we do not display the results of the simulation H6s8 since they are very close to those of the simulation H0.
We find that the cold dark matter prescription reproduces much better the abundance of dark matter haloes extracted from the N-body simulations. The agreement between the Tinker fitting formula (plus the cold dark matter prescription for massive neutrinos) and our results is pretty good at z = 0, while at higher redshift is a bit poorer. We note that the differences between the results from the N-body simulations and the Tinker fitting formula along with the cold dark matter prescription are almost independent of the cosmological model, likely arising from the different method used to identify the SO halos with respect to Tinker et al. [31] . In addition, Paper II shows that the halo mass function for FoF haloes (b = 0.2) in our N-body simulations is very well reproduced (within a 10%) by the fitting formula of Crocce et al. [24] at all redshifts. We emphasize that the use of a different halo mass function will not change the main conclusions of this paper.
In Fig. 2 we show the ratio of the halo mass function for cosmologies with massive neutrinos to the halo mass function for the cosmology with massless neutrinos. We find that the abundance of SO haloes is very well reproduced by the Tinker fitting formula once the cold dark matter prescription is used for cosmologies with massive neutrinos.
An application to cluster number counts
A different prescription for the HMF can affect the constraints on cosmological parameters provided by cluster number counts by changing the number of clusters predicted for a given cosmology and survey.
The number of cluster expected to be detected within a survey with sky coverage ∆Ω in a redshift bin [z i , z i+1 ] can be expressed as:
where dV /dzdΩ is the comoving volume element per unit redshift and solid angle, X(M, z, Ω) is the survey completeness and n(M, z) is the halo mass function. In what follows we adopt the Tinker functional form for the mass function defined in eq. (3.3) with the best-fit parameters for the overdensity ∆ = 200 as provided by [31] . The points represent the results from the N-body simulations whereas the solid and dashed lines correspond to the ratios between the halo mass functions computed using the Tinker fitting formula together with the cold dark matter prescription and the matter prescription for cosmologies with massive neutrinos, respectively.
The completeness function depends on the strategy and specifics of the survey. For the purpose of this work we can simply express this function as
where the lower limit in the mass integral, M lim (z), represents the minimum value of the observed mass for a cluster to be included in the survey, and it is determined by the survey selection function and the fiducial signal-to-noise level adopted. The function p(M ob M ) gives the probability that a cluster of true mass M has a measured mass given by M ob and takes into account the uncertainties that a scaling relation introduces in the knowledge of the cluster mass. Under the assumption of a lognormaldistributed intrinsic scatter around the nominal scaling relation with variance σ 2 ln M , the probability of assigning to a cluster of true mass M an observed mass M ob can be written as [50] :
where the parameter B M represents the fractional value of the systematic bias in the mass estimate.
We now turn to the implications of the prescription choice on the HMF prediction. By replacing P m (k, z) with P cdm (k, z) one neglects the suppression of the total DM density fluctuations on scales smaller than their free-streaming length, the scale below which neutrinos cannot cluster due to their high thermal velocity (see, e.g. [5] ). The magnitude of the suppression depends on the sum of the neutrino masses, while the scale below which it takes place depends on the individual neutrino mass and on redshift. This in turn affects the halo mass function by shifting the maximum cluster mass (i.e. the scale beyond which the halo mass function is exponentially suppressed) to larger values, thus increasing the predicted number of rare massive clusters. The effect is larger for larger total neutrino mass, larger number of massive neutrinos and higher redshift.
In Fig. 3 we show the ratio of the cluster counts predicted using the P cdm (k, z) prescription over the one predicted using P m (k, z) (colour coded) for different combinations of ( m ν − σ 8 ) values and for two neutrino mass split schemes: a single massive neutrino (left panel) and three degenerate massive neutrinos (right panel). In the former case the total neutrino mass is assigned to one neutrino species (m 1 = m ν and m 2 = m 3 = 0), in the latter one it is equally split among three massive species (m i = m ν /3 with i = 1, 2, 3). The Table 2 , Planck +WP). In order to mimic a Planck SZ-cluster survey, we computed the number counts integrating eq. (4.1) between 0.0 < z < 1.0 with a sky coverage ∆Ω = 27.000 deg 2 and we approximated the Planck SZ-cluster completeness function using as lower limit in eq. (4.2) the limiting mass M lim (z) 3 provided by the Planck Collaboration (dashed black line in Fig. 3 of [17] ). Moreover, since we are simply interested in quantify the relative effect of using an improved HMF calibration we assumed no uncertainties in the estimation of the true mass (M = M ob ) and we set B M = 0 and σ 2 ln M → 0 in eq. (4.3). Power spectra have been computed using CAMB [45] , where P cdm (k, z) has been obtained exploiting the relation
with T cdm , T b and T m being the CDM, baryon and total matter transfer functions, respectively. Assuming one massive neutrino, changing the matter power spectrum to the cold dark matter one in the HMF prediction increases the expected number of clusters by ∼ 5% in the minimal normal hierarchy scenario ( m ν = 0.06eV), reaching differences of ∼ 20% for masses of m ν ∼ 0.4eV. Considering instead three degenerate massive neutrinos, the CDM prescription gives even a larger correction to the cluster counts: the splitting of the total neutrino mass between three species causes the free-streaming length to increase, therefore widening the range in which P m (k, z) is suppressed with respect to P cdm (k, z). As a result, the difference in cluster counts computed with the two prescriptions reaches ∼ 30% for neutrino mass of the order of m ν = 0.4eV. For a given cosmology the magnitude of the ratio slightly depends also on the specifics of the survey: a lower M lim (z) would entail a larger difference between the expected number of clusters computed with the two different calibrations.
The difference in the predictions in turn affects the degeneracy between cosmological parameters. An example of this effect is shown in figure 4 , in the ( m ν − A s ) plane (left panel) and the corresponding ( m ν − σ 8 ) plane (right panel). The curves correspond to constant number counts obtained using P m (k, z) (black) or P cdm (k, z) (red) in the halo mass function definition, following the same procedure of figure 3 to compute the expected number of clusters and keeping the other cosmological parameters (Ω m , Ω b , τ , H 0 , n s ) fixed to the Planck mean value. Solid and dashed curves are for models with one massive neutrino and three degenerate massive neutrinos, respectively. The different slope of the curves indicates a different degeneracy direction between parameters. Consistently with the results shown in figure 3 the change in the slope is more pronounced in the case of three massive neutrinos.
As illustrated in the next section both these effects can contribute to modify the information on cosmological parameters inferred from cluster data in models with massive neutrinos.
Implications for cosmological constraints
The ultimate aim of an analytic expression for the halo mass function is to link the observed abundance of galaxy clusters to the underlying cosmology. The recently released Planck data indicate some tension between the cosmological parameters preferred by the primary CMB temperature measurements and those obtained from cluster number counts using X-ray [15] , optical richness [16] and SZ-selected clusters [17, 52, 53] . In particular, the values of σ 8 and Ω m inferred from cluster analyses are found to be lower than the values derived from CMB data. It has been argued that this discrepancy could be due to a wrong calibration of cluster mass (see e.g. [54, 55] ) or alternatively it may indicate the need to extend the minimal ΛCDM to massive neutrinos [17] [18] [19] [20] . In the latter case, the results presented in this paper could in principle affect derived cosmological constraints which relies on an incorrect calibration of the HMF in cosmological models with massive neutrinos. In fact, in all previous cluster studies, the variance of the total dark matter field has been used to put constraints on neutrino masses. In section 4 we have shown that, given a background cosmology, using the "wrong"prescription for the HMF could lead to differences up to 30% in the expected number of cluster. However that is not the the only reason to use the variance of the CDM field. Indeed, a key assumption in previous cosmological analyses of clusters counts is that the shape of the HMF is independent of the underlying cosmology, and the same functional form can be used through all the parameter space. In Paper II we show that universality of the HMF with respect to neutrino masses, and more in general cosmology, is recovered only if the cold dark matter prescription is adopted. This is another important effect that should be taken into account by future studies.
In order to assess the effects of the cold dark matter prescription on the parameter estimation we choose as a case study the sample of 188 SZ-selected clusters with measured redshift published in the Planck SZ Catalogue [38] . The cosmological constraints have been where N obs i , N th i represent respectively the number of clusters observed and theoretically predicted in the i-th redshift bin. The redshift range has been divided in N bin = 10 bins of width ∆z = 0.1 between z = 0.0 and z = 1.0, also including in the analysis redshift bins with no observed clusters. We computed the predicted number of clusters , N th i , for a Planck-like SZ-cluster survey following the procedure described on section 4. The parameter space has been explored by means of the Monte Carlo Markov Chain technique using the publicly available code CosmoMC 4 [57] , where we included a module for the computation of the likelihoods function described above. Since we are interested in the effects that a different prescriptions for the HMF has on parameter constraints rather than the constraints themselves, we kept fixed Ω b h 2 = 0.022, τ = 0.085 and n s = 0.963, allowing only Ω cdm h 2 , θ, log(10 10 · A s ) and m ν to vary. For the same reason we neglect errors on nuisance parameters, which have been kept fixed to B M = 0 and σ 2 ln M = 0.2 in order to roughly reproduce the mean values of Ω m and σ 8 obtained by the Planck Collaboration with Planck-SZ+BAO+BBN data [17] . We also checked that our results in the Ω m −σ 8 plane fixing m ν to 0.06eV were in good agreement with those obtained by the Planck Collaboration. Finally, due to the weak sensitivity of the clusters sample to some cosmological parameters, we set a Gaussian prior on the total neutrino mass, m ν = 0.06 ± 1.0eV, and one on the expansion rate, H 0 = 68.9±3.0 km/s/Mpc (from BAO measurements [58] ). Note that the actual Planck cluster likelihood is not publicly available. Therefore, a quantitative comparison with the SZ Planck cluster results is not possible. However, since we are presenting results in terms of relative effects between different HMF calibrations, we expect that our findings will be robust and could be quantitatively similar to those to be derived with a more accurate likelihood analysis.
The joint constraints on the Ω m -σ 8 plane resulting from this analysis are shown in figure 5 with green contours for the CDM prescription and blue contours for the matter prescription. The left panel is for a model with one massive neutrino while the right one for a model with three degenerate massive neutrinos. The dashed lines show the σ 8 (Ω m /027) γ = S 8 relation with γ and S 8 parameters obtained by fitting a power-law relation to the likelihood contours. Also shown in the right panel with orange contours are the constraints from Planck+WP+BAO datasets for a ΛCDM cosmology with free m ν 5 . While the constraining power of clusters is almost unaffected by different HMF prescriptions the degeneracy direction become steeper in the CDM case. For one massive neutrino the shift can be quantified as ∆γ = 0.05, or ∆σ 8 = 0.01. The effect is even larger when considering three massive neutrino, for which we obtain a shift of ∆γ = 0.14 and ∆σ 8 = 0.02. The different degeneracy of the CDM-case contours can be understood as follows: for our set of free parameters moving toward large Ω m values in order to keep constant the number of clusters one has to compensate with lower σ 8 and larger m ν values. Using the CDM prescription, however, for a given matter density and neutrino mass the value of σ 8 which reproduces the right number of cluster is smaller than the one recovered using the matter prescription; moreover, the difference between σ 8 values inferred from the two HMF prescriptions increases with the total neutrino mass and it is more pronounced when assuming three massive neutrinos (see Fig. 4 ).
Using the orange contours as a reference one can see that the shift of the contours caused by the CDM prescription goes in the direction of increasing the tension with the Planck+BAO results. This means that when using the CDM prescription in trying to reconcile the Planck CMB measurements with cluster number counts, when extending the ΛCDM model to massive neutrinos, a larger m ν value will result from the combination of the two datasets.
The effects of the usage of the CDM prescription on parameter estimation are clearly visible but with low statistical significance for the cluster sample chosen for this work. However, owing to the much stronger constraining power expected from upcoming and future cluster surveys, corrections to the σ 8 -Ω m degeneracy direction of the order of ∆γ ∼ 0.1 would offsets the resulting constraints by a statistically significant amount [59, 60] .
Summary and perspectives
By using a set of large box-size N-body simulations containing CDM and neutrinos particles we have studied the abundance of dark matter haloes, identified using the SO criterion, in cosmological models with massive neutrinos. The SO haloes have been extracted from the Nbody simulations by running the SUBFIND algorithm on top of the CDM particle distribution to avoid spurious mass contamination in the low mass haloes from unbounded neutrino particles. We have however explicitly checked that our results do not change if SUBFIND is run on top of the total matter density field. We have compared the abundance of dark matter haloes in cosmologies with massless and massive neutrinos with the Tinker fitting formula along with the matter prescription and the cold dark matter prescription. In both prescriptions we use ρ cdm = ρ m − ρ ν instead of ρ m when setting the relation between the halo mass and the radius in the top-hat window function: M = 4πρ cdm R 3 /3. However, in the cold dark matter prescription we use the CDM linear power spectrum, P cdm , when computing the value of σ(M, z), whereas in the matter prescription we use the total matter linear power spectrum, P m .
We find that the abundance of SO haloes is much better reproduced by the Tinker fitting formula once the cold dark matter prescription is used, in agreement with the claims of Ichiki & Takada [34] and the results of Paper II [36] . The agreement is very good at z = 0 while it worsens a bit at higher redshift. Once we present the results as ratios of the halo mass functions for cosmologies with massive neutrinos to the halo mass function for cosmologies with massless neutrinos the agreement with theoretical predictions improves significantly at all redshifts. We stress that the conclusions of this paper are not affected if a different halo mass function fitting formula was used.
We have investigated the effects that the cold dark matter prescription has on theoretically predictions of number counts and on the estimation of cosmological parameter from cluster samples. By using the Tinker fitting formula for the HMF we computed the expected number of clusters for a Planck-like SZ-cluster survey. We found that for a cosmology with massive neutrinos the predicted number of clusters is higher when using the cold dark matter prescription with respect to the results obtained by using the matter prescription. For a given value of Ω m the effect is more pronounced for large neutrino masses and in the case of a splitting of the total neutrino mass between three degenerate species. Assuming one massive neutrino family (and two massless neutrino families) the difference in the predicted number counts between the two prescriptions is nearly 20% for m ν ∼ 0.4eV, while it reaches ∼ 30% in models with three degenerate massive neutrinos.
The different prediction for the HMF in turn affects the degeneracy direction between cosmological parameters and the mean values inferred from the cluster sample. To quantify these effects we use as a case study the Planck sample of 188 SZ-selected clusters with measured redshifts. We performed a Monte Carlo Markov Chains analysis for the parameters Ω cdm h 2 , θ, log(10 10 · A s ) and m ν , both splitting the sum of the neutrino masses between one and three massive species. Looking at the combination σ 8 (Ω m /0.27) γ , the cold dark matter prescription provides a steeper degeneracy direction (higher γ) which causes the σ 8 mean value to lower. The shift can be quantified as ∆γ = 0.05 and ∆γ = 0.14 for one and three massive neutrino respectively, or in terms of the σ 8 mean value as ∆σ 8 = 0.01 and ∆σ 8 = 0.02. The offset has a low statistical significance for the cluster sample used in this work but it could entail a significant correction when the sample is combined with other probes or for large cluster samples that will be provided by future cluster surveys. Furthermore, taking into account such an effect has the consequences of exacerbating the tension between the cosmological parameters derived from CMB data and those of cluster number counts [17] .
